to the sample surface. The RTD and a lithographically patterned Ti/Pt resistive heater were connected to a PID feedback loop that stabilized the temperature, as measured by the RTD, to better than ±10 mK. Further details of the temperature control are provided in Ref. [1] .
The sample was an electronic grade diamond from Element Six with natural 13 C abundance (1.1 %) that was irradiated with 2 MeV electrons (1 x 10 14 cm −2 ) and annealed in forming gas at 800
• C for 2 hours to increase the NV center density.
II. TEMPERATURE MEASUREMENT PROTOCOLS
First, let us consider temperature measurements in an external bias field B, between a few and a few hundred Gauss. In this regime, the NV center spin states (with m S = 0, −1, and +1, below referred to as |0 , | − 1 , and | + 1 respectively) are well-separated, and the NV center electron spin resonance (ESR) spectrum contains well-isolated lines corresponding to different ESR transitions, |0 → | − 1 and |0 → | + 1 .
We compare the performance of three protocols: the regular Hahn echo on the |0 → | − 1 transition, the thermal echo (TE), and the thermal CPMG (TCPMG). The general measurement scheme is the same for all of the protocols. We start with the NV center spin polarized in the state |0 . We apply a preparation pulse (π/2) − at the frequency of the |0 → | − 1 transition, which prepares a superposition (1/ √ 2)[|0 + | − 1 ]. The system then evolves under a given protocol. In the end, the phase between |0 and | − 1 states is read out by applying another (π/2) − pulse, followed by the optical measurement of the probability for the NV center spin to be in the state |0 .
A single period of the TE protocol has the structure
where π − and π + are the π-pulses applied at the frequency of the |0 → |−1 and |0 → |+1
transitions, respectively, and τ denotes an inter-pulse delay. Note that the second triple of π-pulses is different from the first one. The TCPMG protocol is a symmetrized version of TE, and one period of TCPMG has the structure
so that the inter-pulse delays are placed symmetrically between the preparation and the readout pulses. The Hahn echo protocol is standard, τ − π − − τ .
The Hamiltonian describing the NV center spin, placed in a magnetic field B (for simplicity in this discussion we ignore factors of gµ B ), subjected to a random quasi-static field δB, and interacting with the bath of 13 C nuclear spins has the form
S z is the z-component operator of the NV center electronic spin (z-axis is directed along the
[111] direction) and D = 2π · 2.87 GHz is the NV center's zero-field splitting.
The third term includes the hyperfine coupling of the NV center spin to the bath of 13 C spins; since this coupling is much smaller than D, the value of S z is a well-conserved quantity, so that the hyperfine coupling Hamiltonian does not include S x and S y . For the same reason, we neglected the contribution from the x-and y-components of the random field. The last term describes the internal dynamics of the 13 C nuclear spin bath. We assume that the NV center spin is subject to a magnetic field B which has a constant component and a random quasistatic component which causes dephasing. We aim to eliminate this quasistatic component and to minimize the influence of the 13 C spin bath.
Besides coupling with the 13 C spins, the NV center electronic spin is coupled to the intrinsic 14 N nuclear spin, and the corresponding hyperfine Hamiltonian has the form AS z I z (where I z is the z-component of the 14 N nuclear spin). Since the 14 N spin remains static on the timescale of a single experimental run, this hyperfine coupling can be added to the δB field above, and as we will see below, is eliminated by the decoupling sequence.
First, let us consider the spin's evolution under the triples of π-pulses, and remember that the contribution from the bath of 13 C spins and from the random field δB can be neglected during short and strong pulses. For instance, let's take the second triple,
It involves irradiation of the sample with microwave fields of two different frequencies, and it is more convenient to perform the analysis in the laboratory frame. We first apply a driving field at the frequency ω 1 = D − B of the |0 → | − 1 transition; the action of the driving is described by the Hamiltonian term
and the duration of the microwave pulse (t p1 ) is adjusted to provide a π-rotation. The evolution can be analyzed in a frame rotating with frequency ω 1 using the standard secular approximation, and then re-cast back to the lab frame. In the rotating frame, defined by
, we have the evolution operator
The corresponding evolution operator in the lab frame is
Similarly, for the second π-pulse applied to the |0 → | + 1 transition with frequency
with phase φ 2 , and with the duration t p2 , the rotating frame is defined by
The resulting evolution operator in the lab frame is
The full evolution operator in the lab frame under the triple of π-pulses is U = U + U − U + , and has a form:
where the phase factors are
, and a 3 =
In a similar way, we can calculate the evolution operator for the other triple of π-pulses, to obtain
with
If the TE protocol (1) 
If the initial state is |0 , then each inter-pulse delay produces a decoherence factor V 0 = exp [−iτ H B2 ], and the total phase produced by the two π-pulse triples is a 2 + q 2 . The total transformation is
A very useful feature of the protocol is the fact that the total phase a 2 +q 2 added by pulses to the state |0 is the same as the total phase a 3 +q 1 added by pulses to the state |−1 (also, the same is true for | + 1 ). Thus, these phase factors do not affect the mutual phase between |0
and | − 1 , and can be omitted. In other words, the total signal remains independent of the duration of the pulses, independent of short delays between the π-pulses, and independent of the two microwave source phases. In fact, this property of the TE and TCPMG protocols holds for even more general patterns of the phase accumulation.
As a result, the measured signal S is determined only by the phase difference 2Dτ accumulated during the inter-pulse delays. The contributions from the external field, as well as from the random field and from the phases of the microwave sources, are cancelled. This ensures an excellent sensitivity of the method as is demonstrated in the main text. The signal S(2τ ) oscillates rapidly with frequency D (close to 3 GHz) in the laboratory frame, and slowly decays on a timescale of tens to hundreds of microseconds due to decoherence from the 13 C spin bath.
This decay is the main factor limiting the accurate measurement of D. The envelope amplitude S e of the measured signal is diminished due to entanglement with the 13 C spins, and is given by the expression
The unitary operators of the bath V 0,±1 are given in Eqs. 10 and 11, and are just the conditional evolution operators of the bath corresponding to the NV center spin being in the states |0 and | ± 1 , respectively. Tr B denotes the trace over the bath, and 1 B is the identity operator in the space of the bath, which ensures correct normalization.
A similar analysis can be performed for the TCMPG protocol. Again, it is easy to verify that the phase contributions from the pulses become irrelevant at the end of the protocol period, and the contributions from the external fields B and δB are cancelled as well.
The signal S(4τ ) also oscillates with frequency D in the laboratory frame. The impact of decoherence on the envelope S e can also be calculated, and after a single TCPMG period it has the form
where the decoherence term follows the sequence of the NV center spin states. For comparison, the decay of the spin echo envelope is given by
At very small magnetic fields, when the |0 → | − 1 and |0 → | + 1 transitions coalesce such that the |−1 and |+1 levels are almost degenerate, the temperature sensing protocols have simpler structures. A single π-pulse produces the simultaneous transformations (up to a common phase factor)
which at larger B requires the above-mentioned triples of π-pulses. Here, for clarity, we omitted the decoherence factors. The decoherence analysis can be performed in analogous manner to the case of the moderate-to-large B, and the conclusions are similar.
III. DECOHERENCE FROM THE NUCLEAR SPIN BATH
For an NV center spin decohered by a dilute nuclear spin bath, the fine quantitative details of the decoherence process are not universal [2] [3] [4] [5] . They are determined by the specific positions of the nuclear spins around the given NV center, and change from one center to another. For instance, the initial shape of the signal decay (quadratic or quartic in time) is universal, but is limited to very short timescales. As we will see below, the long-time evolution is rather different from one NV center to another. Therefore, we aim to understand only the main qualitative features of the decoherence process.
At the relevant timescales, from ten to a hundred microseconds, the coupling between the 13 C nuclear spins can be neglected. The decoherence mechanism is the well-known effect of electron spin echo envelope modulation (ESEEM) [2, 6, 7] : each NV center spin state defines a different direction of the quantization axis for the nuclear spin ( m 0,± ), and a different angular frequency for the nuclear spin precession (ω 0,± ). Therefore, the motion of each nuclear spin is conditioned on the electronic spin state, which leads to the entanglement with the 13 C spin bath and to the signal decay. In this case, the signal envelope S e is a product of contributions of different spins, e.g. for TE protocol:
Since the coupling between the 13 C nuclear spins is neglected, below we can consider the evolution of each nuclear spin separately, and omit the index k where it does not lead to confusion.
After appropriate rotation of the nuclear spin coordinate frame, the Hamiltonian of a 13 C spin can be written in the form
where I z and I x are the operators of the nuclear spin components, A and B are the hyperfine coupling constants, and ω L is the nuclear spin Larmor frequency. As Eq. 12 shows, decoherence is determined by the overlap between two different evolutions of the 13 C spin: one, V 0 , is the simple rotation under the action of only the external field. The other is the product of two rotations, first by the angle α + = ω + τ around the axis m + (which corresponds to S z = +1), and second by the angle α − = ω − τ around the axis m − (corresponding to
. The angular frequencies of the
The resulting contribution to the TE signal is
where φ = 2ω L τ (total rotation angle during the period when the NV spin is in the state |0 ), the factors m z ± = (ω L ± A)/ω ± are the z-components of the conditional quantization axes m ± , and the factor
For comparison, the contribution from the same 13 C spin to the Hahn echo signal is
where m x − = −b/ω − is the x-component of the conditional quantization axis m − . For a typical NV center spin in medium external fields (10-100 G), the spread in the parameters A and B for different nuclear spins is large, and the angles α ± for different 13 C spins are effectively randomized between 0 and 2π on the timescale of the 13 C Larmor period
Thus, different terms in the expression for the TE signal (Eq. 18) have almost random phases, and the signal becomes completely decohered on the timescale t L . At the same time, it is well known [2, 6, 7] that the Hahn echo signal becomes refocused at regular intervals, when φ/2 becomes commensurate with π, and S e0 = 1 becomes independent of the randomized value of α − . Note however, that the subsequent revivals of the Hahn echo are different from the initial decay. The initial decay corresponds to the short-time limit of Eq. 20, when sin (α − /2) ≈ α − /2, and has the approximate form 1 − t 4 . The subsequent revivals correspond to the randomized version of Eq. 20, when sin 2 (α − /2) = 1/2, and have the approximate form 1 − t 2 , i.e. they are narrower, but not as steep as the initial decay.
Therefore, the decay of the TE signal almost coincides with the initial decay of the Hahn echo only because the short-time limits of both expressions, Eq. 18 and 20, are the same (note that we do not assume smallness of A or B, only small τ ):
This similarity, however, does not seem to have deeper physical meaning. The next terms in the short-time expansion are very different,
. The short-time expression for the symmetrized TCPMG protocol,
has a leading order of τ 6 , reflecting the better performance expected for symmetrized protocols.
These considerations were checked with direct numerical simulations. 1200 13 C spins were randomly placed on a diamond lattice with natural abundance, and the hyperfine coupling constants were calculated assuming only dipole-dipole interactions with the NV center spin.
Renormalization of the 13 C g-factors [2] was neglected. Fig. 1 shows the simulated Hahn 
B. Microwave heating
Another relevant consideration for NV center thermometry is heating caused by absorption of the 2.87 GHz microwaves used for spin manipulation. Although this consideration is particularly relevant for liquid environments given the efficient absorption of microwaves by water, we note that three recent works probing NV center spins in cellular [11] or fluidic [12, 13] environments have provided no mention of heating caused by the CW microwaves utilized for ESR. Thermometry applications will also benefit from the long spin coherence times provided by the TE and TCPMG-N pulse sequences, as in these pulse sequences microwaves are applied for timescales of only ∼ 100 ns out of 100 µs.
V. ADDITIONAL DATA
As mentioned in the main text, although we observe similar coherence enhancements with the TE and TCPMG-N pulse sequences on different NV centers, we have also observed modulations of the I PL signal as a function of the free evolution time on other NV centers.
This variance in response among NV centers is an important consideration for applications and also impacts the use of NV center ensembles for thermometry. Fig. 2 shows one example for a TE measurement performed on an NV center different from the one discussed in the main text with B Z ≈ 0.5 G. The solid red line is a best fit to the expression I PL (t) = a exp − t τ 1/e 3 cos(ω 1 t + φ 1 ) cos(ω 2 t + φ 2 ) + b,
where a, τ 1/e , ω 1 , φ 1 , ω 2 , φ 2 , and b are free parameters. For this NV center the inhomogeneous spin lifetime (T * 2 ) was 2.4 µs. The beating observed in this measurement appears qualitatively similar to features observed in the numerical modeling, suggesting it could be caused by a nearby 13 C, however, other possibilities such as the presence of a nearby photoionized impurity must also be considered.
